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We compute the angular dynamics of a neutrally buoyant nearly spherical particle immersed in an
unsteady fluid. We assume that the particle is small, that its translational slip velocity is negligible,
and that unsteady and convective inertia are small perturbations. We derive an approximation for
the torque on the particle that determines the first inertial corrections to Jeffery’s equation. These
corrections arise as a consequence of local vortex stretching, and can be substantial in turbulence
where local vortex stretching is strong and closely linked to the irreversibility of turbulence.
PACS numbers: 05.40.-a, 47.55.Kf, 47.27.-i, 92.60.Mt
The angular dynamics of small non-spherical particles
in flows is often discussed in terms of Jeffery’s theory
[1–4], neglecting the effects of particle and fluid inertia.
It is assumed that the instantaneous torque on the par-
ticle vanishes at every instant in time, so that the an-
gular velocity of a small spherical particle equals half of
the fluid vorticity at the particle position. But this is
no longer true when the particle is so large that iner-
tial effects become important. It is straightforward to
take into account particle inertia [3, 5–7]. This may be
a good approximation for heavy particles, but for neu-
trally buoyant particles the acceleration of the surround-
ing fluid cannot be neglected. How to model the effect of
fluid inertia on the angular motion of a suspended parti-
cle is an important question [4, 7], yet difficult to answer.
Past theoretical studies have therefore often concentrated
on simple cases, for example on the angular dynamics of
axisymmetric particles in shear flows, analysing the sta-
bility of Jeffery orbits under inertial perturbations [8–11].
In this Letter we estimate the first inertial contribu-
tions to the angular dynamics of a nearly spherical parti-
cle in a time-dependent and spatially varying flow. Our
three most important assumptions are that the particle
is small, almost neutrally buoyant, and nearly spheri-
cal (details are given below). We find that a spherical
particle rotates at an angular velocity different from the
local flow vorticity. The difference is caused by local vor-
tex stretching. For nearly spherical particles we find ad-
ditional contributions that depend in a more complex
manner on the local fluid-velocity gradients. In turbu-
lence these effects can alter the angular particle dynam-
ics substantially. Recently the question was raised how
the dynamics of tracer particles reflects the irreversibility
of turbulence [12–15]. Our results show how the inertial
angular dynamics of a small particles is linked to the
breaking of time-reversal invariance in turbulence.
Formulation of the problem. Consider a small, nearly
neutrally buoyant, spheroidal particle (with rotational
symmetry axis n) in a fluid. We assume that the parti-
cle is nearly spherical, its aspect ratio λ is close to unity:
λ ≡ 1 +  where  is a small parameter determining the
eccentricity of the particle:  > 0 for prolate particles,
while  < 0 for oblate particles. We assume that the par-
ticle is small: κ ≡ 2a/` 1. Here 2a is the length of the
symmetry axis of the particle, and ` is the length over
which the flow can be linearised near the particle.
We assume that inertial effects matter, but that they
are weak. Convective inertia due to the fluid-velocity
gradients is characterised by the shear Reynolds number
Res ≡ a2s/ν, where ν is the kinematic viscosity of the
fluid, and s measures the magnitudes of the fluid-velocity
gradients, the strain rate. The effect of unsteady inertia
depends on the time scale τc that describes how fast the
boundary conditions change. The ratio of the magnitude
of unsteady and convective inertia defines the Strouhal
number Sl ≡ (sτc)−1. The effect of particle inertia on the
angular dynamics is determined by the Stokes number,
the ratio of the rate of change of angular momentum
and the torque: St ≡ (ρpa5s)/(τcµsa3) = (ρp/ρf)Res Sl.
Here ρf and ρp are the mass densities of the fluid and the
particle, and µ = ρfν is the dynamic viscosity.
We treat the effect of inertia perturbatively, this re-
quires Res and ResSl to be small (but not too small,
see below). We disregard the effect of translational
slip. This is justified for small particle Reynolds num-
ber, Rep ≡ avs/ν  Re1/2s . Here vs is the slip velocity.
To ensure that it is small enough we assume that the
particle is approximately neutrally buoyant.
Equations of motion. The equations that govern the
angular particle dynamics read:
dn
dt
= ω ∧ n , (I · dωdt + dIdt · ω) = T . (1)
Here I is the moment-of-inertia tensor of the particle,
with elements Iij = AIninj +BI(δij −ninj), AI and BI
are the moments of inertia around and transverse to the
axis n, and T is the hydrodynamic torque:
T =
∫
Sp
r ∧ σ · ds . (2)
The integral is over the particle surface Sp, ds is the
outward normal surface element, and σ(x, t) is the stress
tensor of the fluid at position x, and r ≡ x−xp where xp
ar
X
iv
:1
60
7.
06
96
4v
3 
 [p
hy
sic
s.f
lu-
dy
n]
  2
 O
ct 
20
16
2is the particle position. The torque (2) is determined by
the solution of Navier-Stokes equations. We decompose
the stress as σ = σ∞+σ(1), where σ∞ is the stress tensor
of the undisturbed Eulerian fluid velocity, denoted by
U∞(x, t). The second term, σ(1), is the contribution to
the stress tensor from the disturbance flow. The torque
is decomposed in a similar way, T = T∞ + T (1). We
compute these two contributions to the torque separately.
Torque due to stress of undisturbed flow. The undis-
turbed Eulerian fluid velocity U∞(x, t) satisfies Navier-
Stokes equations in the laboratory frame:
∇ · σ∞=ρf
[
(∂tU
∞)x + (U∞ ·∇)U∞
] ≡ ρf DDtU∞ . (3)
The last equality defines the Lagrangian derivative along
U∞, ∇ denotes the spatial derivative with respect to
x, and the partial time derivative is evaluated at fixed
x. The torque due to the undisturbed stress can be ex-
pressed as a volume integral using Eq. (3):
T∞ = ρf
∫
Vp
dv r ∧ DU
∞
Dt
. (4)
To evaluate this expression further we expand
DU∞(x, t)/Dt around the particle position xp:
DU∞k
Dt
∣∣∣
x(t)
=
DU∞k
Dt
∣∣∣
xp(t)
+ rm
∂
∂xm
DU∞k
Dt
∣∣∣
xp
+ rmrn
∂
∂xm
∂
∂xn
DU∞k
Dt
∣∣∣
xp(t)
+O
(
r3/`3
)
. (5)
The components are relative to a fixed Cartesian basis in
the laboratory frame. Substituting this expansion into
Eq. (4) we find:
T∞i =ρf
∫
Vp
d3r εijkrj
( ∂
∂xm
DU∞k
Dt
∣∣∣
xp
)
rm +O
(
r4/`4
)
.
(6)
The order is O(r4/`4) because terms odd in r vanish
upon integration. The partial derivative in the integrand
of Eq. (6) evaluates to ∇(DU∞/Dt)|xp=(DA∞/Dt)|xp+
A∞p · A∞p , where the elements of A∞p are the gradients of
the undisturbed fluid velocity U∞ at the particle centre:
(A∞p )ij ≡ ∂U∞i /∂xj |x=xp .
Finally, to perform the integral in Eq. (6) we use the
definition of the moment-of-inertia tensor. We obtain:
T∞ =
ρf
ρp
{
I · (DΩ∞Dt ∣∣xp − S∞p ·Ω∞p ) (7)
+(AI−BI)[(S∞p · S∞p +O∞p ·O∞p +DS∞Dt ∣∣xp) · n] ∧ n} .
Here we have decomposed the matrix A∞p into its sym-
metric and antisymmetric parts, the strain-rate matrix
S∞p , and O∞p . The matrix O∞p is linked to Ω
∞
p ≡
1
2∇ ∧ U∞ through O∞ · r = Ω∞∧ r. Eq. (7) is valid
for a spheroid with arbitrary aspect ratio (provided that
κ 1).
x
O
xp
r
dxp
dt
=U∞(xp, t)
Eulerian fluid
velocity U(x, t)
Undisturbed Eulerian
fluid velocity U∞(x, t)
Disturbance flow
w(r, t) = U(r + xp, t)
−U∞(r + xp, t)
FIG. 1. Schematic of vectors used to describe the particle
motion, x is a position in the laboratory frame, O is its origin,
and xp(t) is the particle position at time t. The perturbation
theory leading to Eq. (13) assumes that the particle follows
the Lagrangian fluid trajectory.
Using the vorticity equation DΩ
∞
Dt −S∞ ·Ω∞ = ν∇2Ω∞
evaluated at the particle position, we can express the dif-
ference in the first row of Eq. (7) in terms of the Laplacian
of Ω∞ which vanishes for a strictly linear flow. In gen-
eral, however, the non-linearity of U∞(x, t) results in a
non-zero value of ∇2Ω∞ at the particle position.
Disturbance torque. We calculate the torque due to the
disturbed fluid in perturbation theory, assuming that in-
ertial effects are small and neglecting translational slip.
This dictates how the problem must be de-dimensionali-
sed: t = τct′ , r = ar′ ,U = saU ′ , and σ = µsσ′ . In the
remainder of this Letter we use these dimensionless vari-
ables. To simplify the notation we drop the primes, all
equations below are written in dimensionless variables.
The disturbance caused by the particle has the flow ve-
locity w(r, t) ≡ U(r+xp, t)−U∞(r+xp, t). It is defined
to be a function of r(t) ≡ x − xp(t) (Fig. 1). In dimen-
sionless variables the disturbance problem reads:
∇r · σ(1) (8)
= Res
[
Sl(∂tw)r+(A∞p ·r)·∇rw+A∞p ·w+(w·∇r)w
]
,
w(r, t)=−(A∞p · r − ω ∧ r) for r ∈ Sp ,
w(r, t) = 0 as |r| → ∞ .
The partial time derivative is evaluated at fixed r, and
we have linearised U∞(x, t) around xp, U∞(x, t) =
U∞(xp, t) + A∞p · r. When is it justified to use this
linear form in the disturbance problem (8)? The dis-
turbance caused by the particle decays exponentially at
distances larger than the Saffman length `S ≡ 1/
√
Res,
so that we must require `S < `, where ` is the length scale
over which the flow can be linearised. This condition is
more restrictive than κ  1. In other words the shear
Reynolds number Res should not be too small, because
convective inertia causes the disturbance to decay at `S.
We use the reciprocal theorem [16] to find the hydrody-
namic torque on the particle, given an ‘auxiliary’ Stokes
solution in the same geometry [9, 10, 17, 18]. In dimen-
sionless variables the reciprocal theorem reads:
T = T∞ + T (0) − Res
∫
V
dvMT · f(w) . (9)
3The first term on the r.h.s. is the torque due to the
undisturbed fluid stresses, Eq. (7), expressed in dimen-
sionless variables. The second term is Jeffery’s torque [1]:
T (0) = −K·(ω−Ω∞p )+H : S∞p , where K and H are Bren-
ner’s resistance tensors [19]. The third term in Eq. (9) is
the torque due to the disturbance flow beyond the Stokes
approximation. The tensor M(r) is determined by the
known auxiliary Stokes solution (u˜ = M · ω˜), the Stokes
flow around the particle rotating with angular velocity
ω˜ in a quiescent fluid, see supplemental material [20].
The integration domain in (9) is the fluid volume outside
the particle, and Resf is defined as the r.h.s of the first
Equation (8).
To simplify the calculation of the third term in Eq. (9)
we assume that the particle is nearly spherical [18],
λ = 1 + , and expand in the small parameter . To
order 2, for example, the moments of inertia around
and transverse to the particle symmetry axis [18] read
in dimensionless variables: AI = 8pi15 (1− 4+62) and
BI= 8pi15 (1−3+ 722). For small values of  the contribu-
tion of the volume integral in Eq. (9) can be evaluated.
Details are given in the supplemental material [20].
For a spherical particle ( = 0) we find to order O(Res):
T = −8pi(ω−Ω∞p )+8piRes
( Sl
15
DΩ∞
Dt
∣∣
xp
− 25S∞p ·Ω∞p
)
. (10)
We now use Eqs. (10) and (1) to determine the particle
angular velocity ω to order O(Res). For a spherical par-
ticle I has the elements Iij = 8piδij/15, in dimensionless
variables. In perturbation theory dω/dt = dΩ∞p /dt =
DΩ∞/Dt|xp . We must also require that ρp ≈ ρf , so that
Rep remains small. To order O(Res) we find:
ω = Ω∞p +
1
15 (Res Sl− St) DΩ
∞
Dt
∣∣
xp
− 25ResS∞p ·Ω∞p . (11)
Eq. (11) is the main result of this Letter. We see that
a very small particle in a viscous flow rotates with half
the fluid vorticity, Ω∞p , as expected. The first inertial
correction term, proportional to DΩ∞/Dt|xp , resembles
the form of the slip velocity of a small particle subject to
particle inertia and to the force due to the undisturbed
pressure gradients. A small-St expansion gives
vs=St (ρf/ρp − 1)DU∞/Dt|xp (12)
for Sl = 1. Maxey used this approximation to conclude
that heavy particles are centrifuged out of vortical regions
in turbulence [22, 23]. The expression for vs is of the
same form as the second term on the r.h.s. of Eq. (11),
since Res = (ρf/ρp)St for Sl = 1. This term predicts that
a particle that is slightly heavier than the fluid rotates
a little bit more slowly, because it cannot keep up with
the the fluid acceleration. A lighter particle, by contrast,
rotates faster than Ω∞p . But these arguments disregard
the S∞p ·Ω∞p -term in Eq. (11). This inertial term connects
the angular particle dynamics to vortex stretching in the
undisturbed flow. This term vanishes in steady linear
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FIG. 2. a Inertial correction Y ≡ τKΩ∞p · S∞p ·Ω∞p /|Ω∞p |2,
Eq. (13), along a Lagrangian path in turbulence (DNS at
Reλ = 433 using JHU turbulence database [26, 27]). b Vor-
ticity along the same path. c Distribution of Y (DNS, lines).
Also shown: experimental data (◦) at Reλ = 50 read off from
Fig. 2d in Ref. [28], rescaled by τK ≡ 〈TrAT ·A〉−1/2, see text.
The experimental value (0.27 s−1) was taken from Ref. [29].
flows such as a simple shear [24, 25], and for planar flows
because vorticity is orthogonal to the flow plane.
Angular velocity and vortex stretching in turbulence.
Fully developed turbulent flows exhibit large local vortex
stretching rates, this is how the turbulent kinetic energy
is dissipated at small scales. Irreversibility of turbulence
[12–15] implies that the stretching rate Ω∞ · (S∞ ·Ω∞)
does not average to zero [28, 30]. This matrix element is
positive on average because Ω∞ tends to align with the
middle eigenvector of S∞ [12], and its eigenvalue is posi-
tive on average. Eq. (11) shows that the inertial correc-
tion to the angular velocity of a neutrally buoyant sphere
in turbulence is determined by the stretching rate,
|ω|2/|Ω∞p |2 ≈ 1− 45 ResΩ∞p · (S∞p ·Ω∞p )/|Ω∞p |2 , (13)
and thus linked to the breaking of time-reversal invari-
ance in turbulence.
But are the conditions of validity summarised above
met for a neutrally buoyant particle in turbulence? The
shear rate, defined by s = 〈TrS · S〉1/2, is of the same
order as τ−1K , the inverse of the Kolmogorov time τK ≡
〈TrAT · A〉−1/2. This means that the shear Reynolds
number is of order Res ∼ a2/η2K, where ηK =
√
ντK is
the Kolmogorov length. We conclude that the particle
must be smaller than the Kolmogorov length for the per-
turbation theory in Res to be valid. For a nearly neu-
trally buoyant particle we can disregard gravity, and we
assume that no other external forces act on the parti-
cle. Therefore the timescale τc is that of the fluid and we
take τc = s−1 ∼ τK, so that the Strouhal number is unity.
The perturbation theory also requires that the Saffman
length `S ≡ a/
√
Res ∼ ηK is smaller than the length
` over which the flow can be linearised. In turbulence
` ∼ 10ηK. So this condition is only marginally satisfied.
Finally, translational slip is negligible when the Oseen
length is much larger than the Saffman length. This is
the case when Re2p  Res. For small neutrally buoyant
particles in turbulence this condition is well satisfied.
4We evaluate the inertial correction in Eq. (13) for a
neutrally buoyant particle numerically, following a La-
grangian trajectory in fully developed turbulence. We
use the JHU turbulence database [26, 27] that contains
a direct numerical simulation of forced, isotropic turbu-
lence at Reλ = 433. The result is shown in Fig. 2a. Panel
b shows the vorticity along the same path. We observe
the stretching of a vortex tube at t ≈ 20 τK. We see that
the inertial correction to the particle angular velocity can
be substantial during vortex stretching, a factor of order
unity times Res. Panel c shows that the distribution of
the inertial correction has heavy, non-Gaussian tails that
give rise to large values of the inertial correction. Com-
parison with experimental data at Reλ = 50 (◦), from
Fig. 2d in Ref. [28], shows that the tails are quite robust
even at moderate values of Res, a consequence of the uni-
versality of dissipative-range turbulent fluctuations [31].
Non-spherical particles. We have computed the angu-
lar velocity also for nearly spherical particles (||  1).
Neglecting inertial effects we obtain an -expansion of Jef-
fery’s equation [1]: ω=Ω∞p +(+
2
2 )(n∧S∞p ·n)+O(3).
The form of the first inertial corrections to Jeffery’s
angular velocity is constrained by symmetries. To linear
order in St and Res the corrections are quadratic in S∞p
and Ω∞p , and linear in time derivatives of S∞p and Ω
∞
p .
The inertial corrections to ω must be invariant under
n → −n, and S∞p is symmetric and traceless. Only the
following terms can occur in the O(Res)-correction δω ≡
Resω(Res) + Stω(St) to Eq. (11):
δω=β1
DΩ∞
Dt
∣∣
xp
+β2(
DΩ∞
Dt
∣∣
xp
· n)n+ β3
(dS∞p
dt · n
) ∧ n (14)
+β4S∞p ·Ω∞p +β5[n · (S∞p ·Ω∞p )]n+β6[(n · (S∞p · n)]Ω∞p
+β7(n ·Ω∞p )(Ω∞p ∧ n) + β8(S∞p · S∞p · n) ∧ n
+β9[S∞p · (Ω∞p ∧ n)] ∧ n+ β10(n ·Ω∞p ) S∞p · n .
For Sl = 1 we find using the method described above
(details in the supplemental material [20]):
β1 = − 315 (Res − St) , β2 = − 15 (Res − St) (15)
β3 = − 3 (Res − 15St) , β4 = 733525 Res ,
β5 = − 15 ( 435Res + St) , β6 = − 15 ( 3035Res − St) ,
β7 = − 15 (Res − St) , β8 = − 821Res ,
β9 = − 15 (4Res − St) , β10 = 335Res .
Eq. (14) shows that the inertial corrections to the angular
velocity of non-spherical particles depend intricately on
the relative alignment of the particle symmetry axis, of
the vorticity, and of the eigensystem of the strain-rate
matrix [2, 3, 32]. For a neutrally buoyant particle in
incompressible isotropic homogeneous turbulence we can
average the correction. Since δω contains a factor , we
obtain the O(Res)-result by averaging n uniformly over
the unit sphere, 〈ninj〉 = δij/3. This gives: 〈Ω∞p · δω〉 =
(4/3)Res〈Ω∞p · (S∞ ·Ω∞p )〉. On average the form of the
correction is similar to that in Eq. (11). We see that the
inertial effect is weakened for slightly prolate neutrally
buoyant particles, but increased for oblate particles.
Conclusions. We have computed the first inertial
corrections to the angular velocity of a small, approxi-
mately neutrally buoyant particle in a space- and time-
dependent flow. Our main prediction, Eq. (13), expresses
the inertial correction to the angular velocity of a small
sphere in terms of a matrix element that determines vor-
tex stretching. This shows that the inertial angular dy-
namics of a small neutrally buoyant sphere in turbulence
picks up that time-reversal invariance is broken [12–15].
Our results demonstrate that convective and unsteady
fluid inertia must be treated on an equal footing in turbu-
lence. It is commonly argued that convective effects can
be disregarded when the translational slip velocity vs is
negligible. But we have shown here that substantial in-
ertial corrections may arise from convective terms due to
turbulent strains. Such terms are likely to be important
in the translational problem too, so that the ‘Maxey-
Riley’ equations [33, 34] cannot be used to describe the
translational dynamics of small spheres in turbulence.
Particle-tracking experiments [35–37] and particle-
resolving DNS required to test the predictions in this Let-
ter have recently become possible [38, 39], but they are
still very challenging. In order to stimulate the substan-
tial effort required for these measurements we now give a
concrete suggestion for how Eq. (13) could be tested in ei-
ther experiment or particle-resolving DNS. First, the par-
ticle should be neutrally buoyant, and its size a must be
smaller than the Kolmogorov length ηK. Small a ensures
that Re2p  Res since Rep ∝ a3 [Eq. (12)] while Res ∝ a2.
This may be a difficult technical requirement. It is easier
to meet when the turbulence intensity is low, so that ηK
is larger, and Fig. 2c shows that the effect persists for
lower turbulence intensities. Second, to determine the
vorticity of the undisturbed flow, one must measure and
interpolate the flow near the particle [35]. Then we sug-
gest to consider the distribution of |ω|2/|Ω∞p |2 − 1. The
width of this distribution must approach zero for a per-
fect tracer particle. Fig. 2c shows that the first effect of
inertia is to substantially widen the tails of this distri-
bution, and to slightly shift its mean value. Finally, our
results for nearly spherical particles indicate that disks
may be more sensitive to inertial corrections than rods.
Can our results be generalised to cases where vs is not
negligible? An important case is settling [40–43]. The
settling of ice crystals, for instance, is important for rain
initiation in cold turbulent clouds [44]. For a spatially
constant flow the effect of non-zero vs was analysed by
Lovalenti & Brady [16]. Can one use their methods to
compute lift forces [45] on small particles in turbulence?
This is a difficult problem because it requires singular
perturbation theory [46]. Finally, larger particles pose
other problems: they sense inertial-range turbulent fluc-
tuations [47], and wakes may affect their dynamics [48].
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All equations in this supplemental material are in dimensionless variables, t = τct′ , r = ar′ ,U = saU ′ , and
σ = µsσ′. For details see the Letter. For notational convenience we drop the primes in the following.
I. EVALUATION OF JEFFERY’S TORQUE
Eq. (10) in the Letter gives an expression for Jeffery’s torque [S1]:
T (0) = −K · ωs +H : S∞p , (S1)
written in terms of Brenner’s resistance tensors K and H [S2]. Here ωs ≡ ω − Ω∞p is the angular slip velocity,
Ω∞p =
1
2∇ ∧ U∞|xp , and S∞p is the symmetric part of the matrix A∞p of the undisturbed fluid-velocity gradients
evaluated at xp. The anti-symmetric part is denoted by O∞p . This matrix is related to Ω
∞
p by O∞p · r = Ω∞p ∧ r.
Expanding the resistance tensors in the nearly-spherical limit one finds [S3]:
T (0) =− 8pi(1− 95+ 4593502)ωs + 8pi( 35− 1773502)(ωs · n)n− 8pi(− 13102)[(S∞p · n) ∧ n] . (S2)
Here  is a small parameter related to the particle eccentricity (see Ref. [S7]). For a sphere we have Kij = 8piδij and
H = 0.
II. COMPUTATION OF DISTURBANCE TORQUE USING RECIPROCAL THEOREM
The hydrodynamic torque is given by
T =
∫
Sp
r ∧ σ · ds . (S3)
The integral is over the particle surface Sp, and the vector ds points in the direction of the outward surface normal.
The stress tensor σ is determined by the solution of the Navier-Stokes equations. In dimensionless variables it has
elements σij = −δijp+2Sij where p is the pressure and Sij are the elements of S∞. We decompose σ as σ = σ∞+σ(1),
where σ∞ is the undisturbed stress tensor and σ(1) is the contribution to the stress tensor from the disturbance flow.
The hydrodynamic torque is split up in the same way:
T∞ =
∫
Sp
r ∧ σ∞ · ds and T (1) =
∫
Sp
r ∧ σ(1) · ds . (S4)
We use the reciprocal theorem [S4] to compute T (1), following Refs. [S5–S7]. The reciprocal theorem relates integrals
of two different Newtonian and incompressible flows:∫
Sp
w · σ˜ · ds+
∫
V
dvw · (∇ · σ˜) =
∫
Sp
u˜ · σ(1) · ds+
∫
V
dv u˜ · (∇ · σ(1)) . (S5)
Here w is the disturbance flow, it obeys Eq. (9) in the Letter. The fields u˜ and σ˜ are the fluid velocity and the stress
tensor of an ‘auxiliary’ Stokes problem in the same geometry, namely the Stokes flow produced by particle rotating
with angular velocity ω˜ in a quiescent fluid:
∇ · σ˜ = 0 , (S6a)
u˜ = ω˜ ∧ r for r ∈ Sp and u˜→ 0 as r →∞ . (S6b)
The hydrodynamic (auxiliary) torque on the particle is denoted by T˜ :
T˜ = −K · ω˜ . (S7)
The surface integrals in Eq. (S5) are over the particle surface, the vector ds points in the direction of the outward
surface normal. The volume integrals are over the volume outside the particle.
The surface integrals in Eq. (S5) are evaluated by substituting the boundary conditions for the disturbance flow and
the auxiliary flow on the particle surface. The volume integral on the l.h.s. of Eq. (S5) vanishes by virtue of Eq. (S6a).
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For the divergence of the disturbance stress tensor in the volume integral on the r.h.s., we substitute Eq. (9) in the
Letter. The vector f is defined by
f ≡ Sl
(∂w
∂t
)
r
+ A∞p ·w + [(A∞p · r) ·∇]w + (w ·∇)w . (S8)
We find: ∫
Sp
(−S∞p · r + ωs ∧ r) · σ˜ · ds =
∫
Sp
(ω˜ ∧ r) · σ(1) · ds+
∫
V
dv u˜ · f . (S9)
The surface integrals can be expressed in terms of the torques T (1) and T˜ :
ωs · T˜ −
∫
Sp
(
S∞p · r
) · σ˜ · ds = ω˜ · T (1) + Res ∫
V
dv · u˜ · f (S10)
This is an exact relation between the sought disturbance torque and the known auxiliary torque. The disturbance
velocity w, however, is not known. To lowest order in Res we can use the Stokes approximation w(0) in evaluating
the volume integral. The function w(0) is the solution of the Stokes problem:
∇ · σ = 0 , (S11a)
w(0) =
(
ω −Ω∞p
) ∧ r − S∞p · r for r ∈ Sp and w(0) → 0 as r →∞ . (S11b)
The first two terms on the r.h.s. of (S10) evaluate to ω˜ · T (0). Adding T∞ [Eq. (S12)] we obtain Eq. (10) in the
Letter, with u˜ = M · ω˜.
III. EVALUATION OF TORQUE AND ANGULAR VELOCITY
A. Sphere in a steady flow
We first consider a simpler problem than that addressed in the Letter. What is the torque on a sphere in the steady
state where the sphere rotates with the steady angular velocity ω = Ω∞p + O(Res)? The undisturbed torque T
∞
follows from Eq. (8) in the Letter
T∞ = −Res 8pi
15
S∞p ·Ω∞p . (S12)
The disturbance torque is evaluated using the reciprocal theorem (Section II). The solution of the auxiliary problem
(S6) for a spherical particle reads:
u˜i =
1
r3
εijkω˜jrk ≡Mijω˜j . (S13)
The last equality defines the elements of the matrix M used in Eq. (8) in the Letter. The corresponding torque T˜
evaluates to
T˜ = −8piω˜ , (S14)
and the surface integral in Eq. (S10) vanishes:∫
Sp
(
S∞p · r
) · σ˜ · ds = 0 . (S15)
It remains to evaluate the volume integral in Eq. (S10). The Stokes solution (the solution of (S11b) for ω = Ω∞p )
reads:
w
(0)
i = −
1
r5
(S∞p )ijrj −
5
2
1
r5
(
1− 1
r2
)
rirj(S∞p )jkrk , (S16)
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The volume integral in Eq. (S10) consists of four terms that we evaluate separately:
I =
∫
V
dv Sl
(∂w(0)
∂t
)
r
· u˜ , (S17a)
J =
∫
V
dv (A∞p ·w(0)) · u˜ , (S17b)
K =
∫
V
dv
(
[(A∞p · r) ·∇]w(0)
) · u˜ , (S17c)
L =
∫
V
dv
[
(w(0) ·∇)w(0)] · u˜ . (S17d)
Since the problem is steady, the derivative (∂w(0)/∂t)r vanishes, so that I is zero:
I = 0 . (S18)
The integral J can be written in the form
J = −(A∞p )ij(S∞p )jkεi`mω˜`
∫
V
dv
rmrk
r8
− 5
2
(A∞p )ij(S∞p )klεimnω˜m
∫
V
dv
rjrkr`rn
r8
(
1− 1
r2
)
, (S19)
The two integrals in this equation are evaluated using Maple:∫
V
dv
rmrk
r8
=
4pi
9
δkm and
∫
V
dv
rjrkr`rn
r8
(
1− 1
r2
)
=
8pi
45
(δjkδ`n + δj`δkn + δjnδk`) . (S20)
This yields
J = −4pi
3
εi`k(A∞p )ij(S∞p )jkω˜` . (S21)
To evaluate this expression further we split A∞p into its symmetric and anti-symmetric parts, A∞p = S∞p + O∞p , and
make use of the relations
(S∞p )k`δk` = (S∞p )kk = 0 (incompressibility) and (S∞p )jn = (S∞p )nj (symmetry) . (S22)
We use
εi`k(S∞p )ij(S∞p )jk = 0 and εi`k(O∞p )ij = −δ`jΩk + δkjΩ` . (S23)
The second equation follows from (O∞p )ij = −εijkΩk and εijkεi`m = δj`δkm − δjmδk`. We finally obtain:
J = −4pi
3
(−δ`jΩk + δkjΩ`)(S∞p )jkω˜` =
4pi
3
(
S∞ ·Ω∞p
) · ω˜ . (S24)
The remaining integrals (K and L) are more difficult to calculate. Using Maple we find:
K =
4pi
3
(S∞ ·Ω∞p ) · ω˜ and L = 0 . (S25)
Taking these results together we find:
Res
∫
V
dv u˜ · f = Res
(
8pi
3
S∞p ·Ω∞p
)
· ω˜ . (S26)
This result is valid for an arbitrary choice of ω˜. It follows:
T (1) = −8pi (ω −Ω∞p )− Res 8pi3 S∞p ·Ω∞p . (S27)
Adding the torque due to the undisturbed flow [Eq. (S12)] yields:
T = T∞ + T (1) = −8pi(ω −Ω∞p )− Res8pi 25S∞p ·Ω∞p (S28)
This is Eq. (11) in the Letter. In the steady state the torque must vanish. This gives
ω = Ω∞p − 25ResS∞p ·Ω∞p . (S29)
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B. Sphere in an unsteady flow
As in the previous Section we assume that ω = Ω∞p +O(Res). But now S∞p and Ω
∞
p depend on time. In evaluating
the contribution from the volume integral perturbatively we must again set ω = Ω∞p in w(0). We find:
I = 0 . (S30)
For non-spherical particles I is not zero, see below. The remaining terms (J,K, and L) remain unchanged. The
torque to the disturbance flow [Eq. (12) in the Letter] now reads
T∞ = Res
8pi
15
(
Sl
DΩ∞
Dt
∣∣∣
xp
− S∞p ·Ω∞p
)
. (S31)
This gives
T = −8pi(ω −Ω∞p ) + Res8pi
( 1
15
Sl
DΩ∞
Dt
∣∣∣
xp
− 2
5
S∞p ·Ω∞p
)
. (S32)
In the unsteady case the torque does not vanish, in general. To determine the angular velocity of the particle we must
therefore solve Newton’s equation, Eq. (1) in the Letter. For the sphere dI/dt vanishes, so that we have
St
15
dω
dt
= −(ω −Ω∞p ) + Res
( Sl
15
DΩ∞
Dt
∣∣∣
xp
− 2
5
S∞p ·Ω∞p
)
. (S33)
On the l.h.s. we can set dω/dt = dΩ∞p /dt = DΩ
∞/Dt|xp . To order O(Res) this gives
ω = Ω∞p +
1
15
(ResSl− St)DΩ
∞
Dt
∣∣∣
xp
− 2
5
ResS∞p ·Ω∞p . (S34)
This is Eq. (12) in the Letter.
C. Nearly spherical particle in unsteady flow
Now we consider a nearly spherical particle in an unsteady flow. This case is quite similar to the previous one,
except that now the particle is assumed to rotate with an angular velocity that is different from Ω∞p . For a nearly
spherical particle the angular slip velocity ωs = ω − Ω∞p is of order  as we shall see. This follows from Jeffery’s
theory.
As the auxiliary problem we use the Stokes flow of a nearly spherical particle rotating with angular velocity ω˜
in a quiescent fluid. The solutions of the auxiliary problem (and of the Stokes problem for w(0)) are found using
perturbation theory in the small parameter . Details of the method are given in the appendix of Ref. [S7].
We note that the problem to be solved is more difficult for a non-spherical particle than for a sphere. For a sphere
the locus of the particle surface remains invariant under rotation. This simplifies the problem substantially, because
we can work with a basis that remains fixed in the laboratory frame. For a non-spherical particle we need to consider
how the locus of the particle surface changes. This may be accomplished in a coordinate system that rotates with
the particle. The time derivative of w(0) in the volume integral is evaluated at fixed r. This derivative must be
transformed to the rotating coordinate system:
Sl
(∂w
∂t
)
r
= Sl
(∂w′i
∂t
)
r′
eˆ′i(t) + ω ∧w − [(ω ∧ r) ·∇]w . (S35)
The partial time derivative on the r.h.s. is evaluated at a fixed point r′ relative to an observer rotating with the
particle, eˆ′i(t) are basis vectors rotating with the particle, and w′i are the components of w in that basis. We remark
that the primes in Eq. (S35) do not denote dimensionless variables.
The remaining three terms are also integrated in the rotating coordinate system (in this system the locus of Sp
does not change with time). Evaluating the volume integral in this way we find:∫
V
dv f · u˜ =− 8pi
(
− Sl3
dωs
dt
− 13S∞p ·Ω∞p + 18 S∞p · ωs
)
· ω˜
− 8pi
[
628
525S
∞
p ·Ω∞p − 32105 (n · S∞p · n)Ω∞p + 136525 (n · S∞p ·Ω∞p )n
]
· ω˜
− 8pi
{[(
− 35 S∞p ·O∞p − 3Sl5
dS∞p
dt
+ 335O
∞
p · S∞p − 123280S∞p · S∞p
)
· n
]
∧ n
}
· ω˜ .
(S36)
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TABLE I. Symmetries used in deriving Eq. (S40).
Tr S∞ = 0 Incompressibility
S∞ = (S∞)T Symmetry
O∞ = −(O∞)T Antisymmetry
ω(n) = ω(−n) Inversion symmetry
In deriving this expression we neglected terms of the order of ωs and ω2s . This is justified because we know that
the slip angular velocity is of order  in the creeping-flow limit, see below. Setting  = 0 in Eq. (S36) we find again
Eq. (S17) derived in the previous Section using a different method (coordinate system fixed in the laboratory frame).
We note that ωs = 0 to lowest order in Res for  = 0.
Returning to the non-spherical case we compute the angular velocity using the ansatz:
ω = ω(0) + ω() + 2 ω(
2) + Stω(St) + Res ω(Res) + Stω(St) + Res ω(Res) . (S37)
To order O()2 we obtain:
ω(0) + ω() + 2 ω(
2) = Ω∞p +
(
+ 12
2
)
n ∧ S∞p · n . (S38)
This is the second order of an expansion of Jeffery’s equation [S1, S7] in the small parameter . Now consider the
corrections due to particle and fluid inertia. For  = 0 we find:
Resω(Res) + Stω(St) = 115 (ResSl− St) DΩ
∞
Dt
∣∣
xp
− 25ResS∞p ·Ω∞p . (S39)
This is again Eq. (S34). For non-spherical particles there are corrections to this expression. To simplify the form of
the corrections we use the symmetries of the problem summarised in Table I. We find that the O(Res)-corrections
to Eqs. (S38) and (S39) take the form
δω ≡ Res ω(Res) + Stω(St) = β1 DΩ∞Dt
∣∣
xp
+ β2n · DΩ∞Dt
∣∣
xp
n+ β3
(dS∞p
dt · n
) ∧ n (S40)
+ β4S∞p ·Ω∞p + β5[n · (S∞p ·Ω∞p )]n+ β6[(n · (S∞p · n)]Ω∞p + β7(n ·Ω∞p )(Ω∞p ∧ n)
+ β8(S∞p · S∞p · n) ∧ n+ β9[S∞p · (Ω∞p ∧ n)] ∧ n+ β10(n ·Ω∞p ) S∞p · n .
For Sl = 1 the coefficients read:
β1 = − 315 (Res − St) , β2 = − 15 (Res − St) , β3 = − 3 (Res − 15St) , β4 = 733525 Res , (S41)
β5 = − 15 ( 435Res + St) , β6 = − 15 ( 3035Res − St) , β7 = − 15 (Res − St) , β8 = − 821Res ,
β9 = − 15 (4Res − St) , β10 = 335Res .
We see that the inertial correction to the angular velocity of a non-spherical particle depends intricately on the
alignment of the vorticity Ω∞p (t) and the local eigensystem sˆj(t) of S∞p (t). In perturbation theory, to lowest order in
Res, all time derivatives are evaluated as Lagrangian time derivatives along fluid trajectories.
For a neutrally buoyant particle in incompressible isotropic homogeneous turbulence we can average the correction.
Since δω contains a factor  we obtain the correct result to order O(Res) by averaging n uniformly over the unit
sphere, 〈ninj〉 = δij/3. Using that 〈TrS ·O〉 = 〈TrO ·O ·O〉 = 0 and 〈TrS·S〉 = 〈TrO·O〉 we find
〈Ω∞p · δω〉 = 43Res〈Ω∞p · (S ·Ω∞p )〉 . (S42)
This result is discussed in the Letter.
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